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C5L. GasińskiN. S. Papageorgiou(
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In this thesis, we utilize calculus of variations to obtain existence and properties of solu-
tions for several categories of nonlinear elliptic equations. This thesis consists of nine chapters.
In Chapter one, we present some necessary preliminary knowledge on preliminary knowledge
Orlicz space theory and critical piont thory.
In Chapter two, We consider different notions of solutions to the following quasilinear el-
liptic problem in the Orlicz-Sobolev spaces,
−div(a(|∇u|)∇u) = 0.
We show by applying a comparison principle that viscosity supersolutions and P-superharmonic
functions of nonlinear potential theory coincide. This implies that weak and viscosity solutions
are the same class of functions, and that viscosity solutions to Dirichlet problems are unique.
In Chapter three, we study the following boundary value problem{
−div(a(|∇u|)∇u) = f (x, u), in Ω,
u = 0, on ∂Ω,
By assuming the nonlinearity f (x, t) corresponds to subcritical growth, we prove a regularity
result for weak solutions. Using the regularity result we show that C1-local minimizers are also
local minimizers in the Orlicz-Sobolev space. So, similar to the approach for the p-laplacian
equation, the sub-supersolution method for this problem is developed. Applying these results,
we prove the existence of multiple solutions of this problem in the Orlicz-Sobolev space.
In Chapter four, we study the existence and multiplicity of solutions of the following quasi-
linear elliptic problem{
−div(a(|∇u|)∇u) + a(|u|)u = f (x, u), in RN ,
u→ 0, as x→ ∞.
The existence and multiplicity of solutions are obtained by genus theory, symmetric mountain
pass lemma, fountain theorem and dual fountain theorem, respectively.
In Chapter five, let Ω be a bounded domain in R2 with smooth boundary ∂Ω. The following
Dichlet problem for 2-Laplacian equations are considered:{
−∆u = f (x, u), in Ω,
u = 0, on ∂Ω. (3)
We assume that the nonlinearity f (x, t) is sub-exponential growth. In fact we will prove the map-
ping f (x, ·) : LA(Ω) 7→ LÃ(Ω) is continuous, where LA(Ω) and LÃ(Ω) are Orlicz spaces. Applying
this result, the compactness conditions would be obtained. Hence, we may use mountain pass
theorem to obtain existence of nontrivial solutions for this problem.
In Chapter six, we consider the following p(x)-Laplacian equations on the bounded domain,{
−∆p(x)u = f (x, u), in Ω,
u = 0, on ∂Ω.
The nonlinearity is superlinear but does not satisfy the usual Ambrosetti-Rabinowitz condition
near infinity, or its dual version near zero. Existence and multiplicity results are obtained via















Gasiński and N. S. Papageorgiou [L. Gasiński and N. S. Papageorgiou, Anisotropic nonlinear
Neumann problems, Calc. Var. Partial Differential Equations 2011].
In Chapter seven, the semilinear elliptic systems with Dirichlet boundary value are consid-
ered. We extend the notion of subcritical growth from polynomial growth to variable exponent
growth. Under the variable exponent growth, nontrivial solutions are obtained via variable ex-
ponent Sobolev spaces and variational methods. In chapter final, we make a remark to explain
that our main result is a extention of a recent result of D. G. de Figueiredo, J. M. do Ó and B.
Ruf [D. G. de Figueiredo, J. M. do Ó, B. Ruf, An Orlicz-space approach to superlinear elliptic
systems, J. Funct. Anal. 224 (2005) 471–496].
In Chapter eight, the semilinear elliptic systems with Dirichlet boundary value are consid-
ered again. We extend the notion of subcritical growth from polynomial growth to N-function
growth. Under N-function growth, nontrivial solutions are obtained via Orlicz-Sobolev spaces
and variational methods. It is worth noting that the method which is used in this Chapter is dif-
ferent from the method in Chapter seven. In this Chapter, the elliptic equations would be trans-
formed four order elliptic equations, then these four order elliptic equations can be described by
an Olicz-Sobolev setting.
In Chapter nine, we study the following nonlinear Schrödinger equation with periodic po-
tential, {
−∆u + V(x)u = f (x, u), in RN ,
u→ 0, as |x| → +∞. (4)
Let zero be an end point of the continuous spectrum of the Schrödinger operator. We use M.
Willem and W. M. Zou’s linking theorem and M. Schechter’s method to establish some existence
results for this problem in weak superlinear cases. In a sense, we expand a recent result of M.
Willem and W. M. Zou [M. Willem and W. M. Zou, On a Schrödinger Equation with Periodic
Potential and Spectrum Point Zero, Indiana Univ. Math. J. 2003].
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kÚ\±¦¶i·¶Orlicz m, Orliczm´Lp(1 < p < ∞)mí2. du)
¤Orliczm¼ê´Lõç, ùÒû½
IõE|Ú{5ïÄOrliczm. A








(a) p(0) = 0,t > 0, p(t) > 0, limt→∞ p(t) = ∞,
(b) p~,=s > t ≥ 0%¹p(s) ≥ p(t),









(2) PîO\,=s > t ≥ 0%¹P(s) ≥ P(t),
(3) P´à,=s, t ≥ 00 < λ < 1K
P(λs + (1 − λ)t) ≤ λP(s) + +(1 − λ)P(t),
(4) limt→0+
P(t)
t = 0, limt→∞
P(t)
t = ∞,




P(t) = tp, 1 < p < ∞,
P(t) = et − t − 1,















































P(t) = et − t − 1, P̃(s) = (1 + s) ln(1 + s) − s.
·IN ¼êm S'X,ePÚQ´üN¼ê, ·`QÛP, 
3êk¦
P(t) ≤ Q(kt)
é¤kt ≥ 0¤á. aq/`Q3Ã¡P,e3~êk, t0 ¦þªét ≥ t0 ¤á.
üN ¼êPÚQ¡Û(½3Ã¡NC)d,eÙ¥Û(½3Ã¡NC)
,	. ÏP ÚQ3Ã¡NCd, e3X~êt0, k1Úk2 ¦t ≥ t0 ,


























, 0 ≤ t < ∞.
e1 < p < q < ∞,KPp þ3Ã¡?NCúuPq,PqØÛPp,
½Â1.1.2. N ¼ê`¤÷vÛ∆2^,be3~êk¦ézt > 0,
P(2t) ≤ kP(t). (1.1)
´=ézr > 03~êk = k(r)¦é¤kt ≥ 0
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